Newington College Mathematics Ext 1

Total Marks—84

Attempt Questions 1-7

All questions are of equal value

Answer each question in a SEPARATE writing booklet.

Trial HSC 2005

Question 1

a)

b)

d)

Question 2

a)

b)

(12 marks)

Solvefor x: <2.

2x-1
1

Find 12m
1+ X
0

Evauate |im — .
x—0 SN 3X

1

V14X

Use the substitution u = 1+x to evaluate J‘de

A curve has the parametric equationsx =

wl—~+ o

Find the Cartesian equation for this curve.

(12marks)  Usea SEPARATE writing booklet.

()  Differentiate xsin™* x+v1-x°
1

(i) Hence evaluate J-sin‘1 xdx.

0

,y:ZtZ.

Marks

A particle is moving in ssmple harmonic motion. Itsdisplacement x 5
attimetisgiven by x=2sin(3t), xin metresand t in seconds.

(1) Find the period of the motion.

(i) Find the maximum acceleration of the particle.

(iif)  Find the speed of the particle when x = 2.

The volume, V of a spherical balloon of radiusr mmisincreasing 3

at a constant rate of 100mm? per second.

Given Vzgm‘3 and SA=47xr?.

(1) Find % intermsof r.

(i)  Determinetherate of increase of the surface area, S of the

sphere when the radius is 20mm.
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Question 3  (12marks)  Usea SEPARATE writing booklet.

a) (i)  Showthat f(x)=x—3+€e* hasaroot between x = 0.7 1
and x = 0.9.
(i)  Starting with x = 0.8, use one application of Newton's 3

method to find a better approximation for this root.
Write your answer correct to three significant figures.

b)
A
AB is atangent and CE is adiameter to acircle, centre O. Z/BAE=35
and D lies on the circumference as shown in the diagram.
() Find the size of £ ACE, giving reasons. 1
(i) Find the size of £ ADC. Justify your answer. 3
C) Six backpackers arrive in atown with six hostels.

(i) How many different accommodation arrangements arethere 1
if there are no restrictions on which hostel each person can
stay?

(i)  How many different accommodation arrangements arethere 1
if each person staysin adifferent hostel?

(iii)  If three of the backpackers have been traveling together and 2
must stay in the same hostel. How many different
arrangements are there if the other three can go to any of the
other hostels?
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Question 4

a)

b)

(12marks)  Usea SEPARATE writing booklet.

R T
Ay

P (2at,at?)
S(0,a)

y=-a

The diagram shows the parabola X2 = 4ay with focus S(0,a) and

directrix y=—a. Thepoint P (2at, at?) is an arbitrary point on the
parabola and the line RP is drawn parallél to they axis, meeting the
directrix at D. The tangent QPT to the parabola at P intersects SD at Q.

() Explain why SP = PD.

(i) Find the gradient m of the tangent at P.
(iii)  Find the gradient n of the line D.
(iv)  Provethat PQ isperpendicular to D.
(V) Provethat £ RPT =4£SPQ.

20
Find the constant term in the expansion of [x—%} ) 3
2X

1

Show that coszxdx:f——. 3
8 4
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Question 5

a)

b)

Question 6

a)

b)

d)

(12marks)  Usea SEPARATE writing booklet.

The velocity, v m/s, of a particlein Simple Harmonic Motion is 3
given by v2=2x(6-X).
(1) Find the acceleration of the particle in terms of x.

(i) Prove that the particle always remainsin the domain
0<x<6.

A thermos container with ainternal water temperature of T °C 5
loses heat when placed in a cooler environment, according to

Newton's Law of Cooling, Z—I =k (T -Tg) . Wheretisthetime
elapsed in minutes and To is the temperature of the environment
in degrees Celsius.

(1) The thermos with ainternal water temperature of 95°C is
placed in an environment of —10°C for 25minutes and cools
to 85°C. Find k.

(i) How long would is take for the same thermos with initial
temperature of 95°C to lose 25% of its temperature when
placed in an environment of 20°C? (Assume k remains the
same and give your answer correct to the nearest minute.)

The polynomial 2x3 + ax? +bx+1 has x+1 asafactor and 4
leaves aremainder of —5 when divided by x—2. Find the values
aand b.

(12marks)  Usea SEPARATE writing booklet.

A biased coin has a probability of 0.6 of coming up heads. If this 3
coin istossed 7 times, find the probability of getting: (Give answers
correct to 3 significant figures)

(i) 7 heads.

(i)  exactly 4tails.

Use mathematical induction to prove that, for n>1, 3
3+7+11+...+(4n-1) =n(2n+1).
The polynomia P(x)= 2x3 —11x? + kx— 6 has roots o, B.y. 4

(1) Find thevalueof o+ f+y.
(i) Find the value of ofy .

(iti)  If the sum of two of the rootsis 5, find the third root and
hence find the value of k.

For the function f (X)=cosecx,0< x< % , State the domain 2

and range of the inverse function f ™ (x).
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Question 7

a)

b)

(12marks)  Usea SEPARATE writing booklet.

In aRugby game, aplayer kicksaball so that it travelsin a 3
parabolic path with initial angle of elevation of 80°. He runs

down the field and catches the ball 1 metre above the level at

which the ball wasinitially projected. Five seconds elapses

between the kick and the catch.

Given: x=Vtcos80, y=— 5t2 +Vt in80, cal culate the horizontal
distance the ball travelsto the nearest metre.

n
(i)  Showthat x"(1+x)" (1+ 1) =(1+x)". 1
X

(i) Hence prove that 3

M2 (n)? 2 (2n

1+ + +..+ = :

1 2 n n

On alarge flat plane there is a communications tower and three 5

huts, Hut A is due west of the tower, Hut C is due north of the
tower and Hut B is on the line-of-sight from Hut A to Hut C.
The angles of elevation to the top of the tower from Hut A,
Hut B and Hut C are 52°, 56° and 60° respectively.

Determine the bearing of Hut B from the tower to the nearest degree.

End of paper
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Q2
(a)
()

Ew[xsin“i X+ (1w xz);J
dx

=X. +sin*1x+—;~(1-nx2)ﬁ%.m2x

1-x°
=sin™ x
(i)

1. 4
Jsm X dx
4]

— 1

1
=) xsin’? x+(1wx2)%}
0

27
i eriod = —
{0 p 3

X = 6cos3t

X =~-18sin3t
Max acceleration is 18m/s?

(iiiy  when x=2 particle is at extreme value, and given SHM it is stationary.
Therefore x =0

gm\{wmllfrrz
dr

& _av o
dt dr dt

100 = 4712 x &
dt
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(i)
Ej.§& = 8?’[r

dr
dSA  dSA xg

dt dr dt

dSA 25

—— = B X
ar

dSA 200
dt r
when r=20

9SA _ 10mm? /s
dt
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(i}

since v°20, 2x(x-6)20
Therefore 0<x<6
(i) If %{«mk(TwTU) then T=T,+Ae"
Since ambient temp is -10, T, =-10
When t=0, T=95
Therefore 95=-10+A
A=105
ie. T=-10+105¢€"
when t=25 T=85
85 = -10+105e”™
2sc _ 990
100

2
in| —
€ ._..gg:w

25
(ii) If ambient temp is 20, T =20 +Be"
when t=0, T=95, Therefore B=75

ie. T=20+75€e"
when T=0.75x9b

71.25=20+75e"

75
[51.25}
Inj -~—
t :_,,.,MWZ...S_——_
K

t=95mins (nearest min)
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(c)

P(x)=2x*+ax* +bx+1
P(-1)=—2+a~b+1=0
ie. a-b=1
P(2)=16+4a+2b+1=-5
ie. 2a+b=-11

Solving [1] and [2] simultaneously
3a=-10
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Q6
(@ 0
P(7 heads) =(0.6)'
=0.280 {3s.f)
_P(4tails)="C,(0.4)*(0.6)’
i =0.194 (3s.f)
(b) Show true for n=1
RHS =1(2x1+1)
=3
If true for n=k, then
34T+ +(4k-1)=k(2k+1) ®
Show true for n=k+1

i 3+ 7 e+ (Bk—1) 4 (k+1) - 1= (k+1)(2(k+1)+1)
LHS = 347 + e +(dk = 1) + (4K +3)

=k(2k+1)+(4k+3) using®

= 2k +k+ 4k +3

=(2k+3)(k+1)

=RHS

Since it is true for n=1 and, if true for n=k, it is true for n=k+1, then by the
Principie of Mathematical Induction it is true for all integer n1.
11

© 0 avBrr=
i) apy=3

11
(iiy fa+pf=5 yw—2-—5 from (i}

LHS=3

e =1
ey 5
Also aﬁ+ay+ﬁ'y=—;—
1 :
Now aﬁ><§=3 ie.aff =6
1
andy(a+ﬁ'):§x5

K 1
af+ay+ Py =—=06+-x5
Bray+ Py =7 5

i.e. k=17

{d) domain x=1

range O<y<«g-




o) Pe) = 20+ ax bl |
p(~)= -2+a-bs| =0 V

,ck*—!g“:—-( @

fQ) = (64 +2b+1=-5

: da+b = -U D
SO(U@*@ 4 Q) duw{m,b; J/
%0;:— "'"'(E)LQ

' -x’b?) .
b = 3 (4)
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